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In this note, we prove that the Diophantine equation 2m +nx2 = yn
in positive integers x, y, m, n has the only solution (x, y,m,n) =
(21,11,3,3) with n > 1 and gcd(nx, y) = 1. In fact, for n = 3,15,
we transform the above equation into several elliptic curves for
which we determine all their {2}-integer points. For n = 3,15, we
apply the result of Yu.F. Bilu, G. Hanrot and P.M. Voutier about
primitive divisors of Lehmer sequences.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Many authors studied particular cases of the Diophantine equation
2m + nx2 = yn (1)
in positive integers x, y, m with n > 1 and gcd(nx, y) = 1. In [8], Rabinowitz found all the solutions
of the Diophantine equation (1) when n = 3. Le [6] dealt with the prime case n = p > 3. In [1],
Abu Muriefah proved that if n = p, where p is an odd prime and m is even, then the analog of the
Diophantine equation (1) with 2m replaced by qm has no solution when q is a prime q ≡ 3 (mod 8).
Recently, Yongxing and Tingting [9], proved that the Diophantine equation (1) has no positive integer
solution (x, y,m) where gcd(x, y) = 1 and m is even.
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F. Luca, G. Soydan / Journal of Number Theory 132 (2012) 2604–2609 2605Here, we deal with the Diophantine equation (1) in positive integers m, n, x, y with m odd and
gcd(nx, y) = 1, which together with the results from [9] yields all positive integer solutions m, n, x, y
of Eq. (1) with n > 1 and gcd(nx, y) = 1 regardless whether m is even or odd.
Our main result is the following.
Theorem 1. The only positive integer solution (x, y,m,n) of the Diophantine equation (1) with n > 1 and
gcd(nx, y) = 1 is (21,11,3,3).
The paper is organized as follows. By the result from [9], we may assume that m = 2m1 +1 is odd.
In Section 2 and Section 3, we treat the cases n = 3 and n = 15, respectively. In both cases, we trans-
form Eq. (1) into several elliptic curves for which we need to determine all their {2}-integer points.
In the last section, we study the equation for n = 3,15. The method here uses primitive divisors of
Lehmer sequences.
2. The case n= 3
Lemma 1. The only solution of Eq. (1) with n = 3 is (x, y,m) = (21,11,3).
Proof. As we mentioned before, this was already done in [8]. For completeness, we give a quick
proof of this result. Write m1 = 3m0 + r, where r ∈ {0,1,2}. Multiplying both sides of (1) by 33, it
becomes
26m0+2r+133 + 34x2 = 33 y3,
which is the same as
Y 2 = X3 − 22r+133, (2)
where Y = 9x/23m0 and X = 3y/22m0 . So, we need to ﬁnd the {2}-integer points on the three elliptic
curves of Eq. (2) for r ∈ {0,1,2}. We use the subroutine SIntegralPoints of MAGMA (see [4])
to determine the {2}-integral points on the above elliptic curves and we only ﬁnd the following
solutions
(X, Y ) = (7,17), (6,0), (10,28), (33,189).
From here, the only convenient solution to Eq. (1) is (X, Y ) = (33,189) leading to (x, y,m,n) =
(21,11,1,3). This completes the proof of this lemma. 
3. The case when n= 15
Lemma 2. The Diophantine equation (1) has no solution with n = 15.
Proof. With the same notation m1 = 3m0 + r, we multiply both sides of (1) by 33 · 53 getting
26m0+2r+133 · 53 + 34 · 54x2 = 33 · 53 y15,
which is the same as
Y 2 = X3 − 22r+133 · 53, (3)
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elliptic curves of Eq. (3) for r ∈ {0,1,2}. Using MAGMA, we only ﬁnd the following {2}-integral points
(X, Y ) = (30,0), (946/9,28756/27), (505/9,7075/27).
They do not lead to convenient solutions of our original equation. 
4. The case when n = 3,15
Lemma 3. The Diophantine equation (1) has no solutions with n = 3,15.
Proof. From now on, we assume that n = 3,15. We write Eq. (1) as
(√
2 · 2m1 + i√nx)(√2 · 2m1 − i√nx)= yn. (4)
Let K = Q(√2, i√n ). Put a = √2 · 2m1 + i√nx and b = √2 · 2m1 − i√nx. The numbers a and b are
algebraic integers in K which are coprime. Indeed, for if P is some prime ideal dividing both a
and b, then P divides yn , whose norm in K is y4n , as well as a + b = √2 · 2m1+1, whose norm in K
is 28m1+6. The contradiction comes from that fact that y is odd (because nx and y are coprime), so y4n
and 28m1+6 are coprime. Thus, a2 and b2 are coprime. Note that a2 and b2 belong to L=Q(i√2n ).
Since
a2b2 = y2n, (5)
and a2 and b2 are coprime in L, it follows, by unique factorization for ideals, that there exists an
ideal I of OL such that
a2OL = I2n. (6)
Write n = uv2, with u and v odd integers and u squarefree. Observe that u  3, for otherwise our
equation is
22m+1 + (vx)2 = yv2 , (7)
and this has no solution (see [7]). Put d = −8u for the discriminant of L and let h be the class
number of L. Then, by the class number formula (see Theorem 10.1 in [5]),
h = w
√|d|
2π
K (d),
where w is the number of roots of unity inside L and K (d) is a real number of size
K (d) 1
2
(logd + 1)
(see Theorem 13.3 in [5]). Since w = 2 (because the only quadratic ﬁelds containing more than two
roots of unity are Q(i) and Q(i
√
3 ), and L is none of these two ﬁelds), we have
h <
√
2√
u
(
log(8u) + 1). (8)π
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have that o | 2n. Put  = 2n/o. Let Io = αOL for some α ∈OL . Then, from (6), we have
a2 = εα, (9)
where ε is a unit in OL . Since the only units in OL are the two roots of unity ±1, we have that
ε ∈ {±1}. Assume ﬁrst that ε = −1. If  is even, taking square-roots in Eq. (9) we get
a = ±iα/2,
showing that i ∈K. Hence, Q(i) ⊂K. This is impossible for u > 1 (see Lemma 2.1 in [2] which asserts
that Q(
√
2 ), Q(i
√
u ) and Q(i
√
2u ) are the only quadratic ﬁelds in K).
Thus, if ε = −1, then  is odd, but in this case we may replace α by −α in Eq. (9), and therefore
assume that ε = 1 in Eq. (9).
We now take again square-roots in (9) with the convention that ε = 1 getting
a = ±α/2. (10)
If  is even, we get that a ∈ L, which is obviously impossible. Thus,  = 20 + 1 is odd and so
√
α = ± a
α0
. (11)
Say α = A + i√2uB with integers A and B (because {1, i√2u} is an integral base for OL). Put β =
A − i√2uB for the conjugate of α. Then
√
α = ± 1
(αβ)0
aβ0 = 1
(A2 + 2uB2)0
(√
2 · 2m1 + i√uvx)(A − i√2uB)0 . (12)
A quick look at the right-hand side of Eq. (12) convinces us that it is of the form
√
2U + i√uV for
some rational numbers U and V . Indeed, ﬁrst (A2 + 2uB2)0 is an integer, next
(A − i√2uB)0 = A1 + i
√
2uB1
for some integers A1 and B1, and ﬁnally
(√
2 · 2m1 + i√uvx)(A − i√2uB)0 = (√2 · 2m1 + i√uvx)(A1 + i√2uB1)
= √2A2 + i
√
uB2,
where A2 = 2m1 A1 − uvxB1 and B2 = A1vx + 2m1+1B1. However, Eq. (12) shows that √α is in K
and it is obviously an algebraic integer, so therefore it is in OK . Lemma 2.1 in [2] shows that a basis
for OK is
{
1,
√
2, i
√
u,
√
2+ i√2c
2
}
.
Hence,
√
α = x0 +
√
2y0 + i
√
uz0 +
(√
2+ i√2u
2
)
w0 (13)
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√
α is in fact of the form
√
2U + i√uV , and the four
numbers 1,
√
2, i
√
u and i
√
2u are linearly independent over Q, we get that in formula (13) we have
x0 = w0 = 0, and later that y0 = U , z0 = V are integers. Put γ =
√
2U + i√uV = √α. Thus, Eq. (10)
shows that
a = ηγ  for some η ∈ {±1}. (14)
Let δ = √2U − i√uV . Then, conjugating relation (14), we get
b = ηδ. (15)
From relations (14) and (15), we get
η
√
2 · 2m1+1 = a + b = γ  + δ = (γ + δ) (γ
2 − δ2)/(γ 2 − δ2)
(γ  − δ)/(γ − δ) = 2
√
2U
w2
w
, (16)
where
wk =
⎧⎨
⎩
γ k−δk
γ−δ if k ≡ 1 (mod 2),
γ k−δk
γ 2−δ2 if k ≡ 0 (mod 2)
is the Lehmer sequence of roots (γ , δ). One checks easily that the nondegeneracy conditions for
the usual Lehmer sequences are fulﬁlled for the sequence {wk}k0. These conditions are that
(γ + δ)2 = 8U2 and γ δ = 2U2 + uV 2 are coprime (clearly so because U is a power of 2 by (16)
and (γ δ)2 = y2n by relations (14), (15) and (5), so γ δ is odd), and that γ /δ is not a root of unity,
which is again clear, for otherwise, γ /δ should be ±1 (the only possible roots of unity in L), leading
to either U = 0 or V = 0, none of which is possible. Since relation (16) shows that all prime factors
of w2 are either 2 or divide w , it follows that if   3, then w2 has no primitive divisors. Since
 is odd, either  ∈ {1,3,5}, or  ∈ {7,9,13}. In the latter case, 2 ∈ {14,18,26} and (δ, γ ) appears
in Table 2 in [3]. The only numbers of the form γ = r√2 + s√t for some rational numbers r, s and
integer t arising from Table 2 in [3] are (
√
2 + i√10 )/2 and this is possible only if 2 = 30, but
our number γ is not of this form (i.e., for us the coeﬃcients of
√
2 and i
√
10 are integers and not
half-integers).
Let us look at the former case in which  ∈ {1,3,5}. Then, by inequality (8), we have
2n = 2uv2 = o  h 
√
2
π
√
u
(
log(8u) + 1). (17)
The last inequality (17) above puts a bound on u and v . First, since u  n, we have
√
n 
π
√
2
(
log(8n) + 1).
For  = 1, we get no solutions. For  = 3, we get n 15 and  = 3 is a divisor of 2n; hence, of n. Thus,
n = 3,15 and these cases were dealt with in Sections 2 and 3. For  = 5, we get that n 67 and 5 | n,
so n ∈ {5,15,35,45,55,65}. The case n = 15 was dealt with in Section 3. The cases n = 35,45,55
and 65 together with  = 5 mean that o = 7,9,11 and 13, respectively, and furthermore o is a divisor
of the class number of Q(i
√
2u ), which is the quadratic ﬁeld Q(i
√
70 ), Q(i
√
10 ), Q(i
√
110 ) and
Q(i
√
130 ), respectively. One checks that these divisibilities cannot hold.
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ηa = (√2U + i√5V )5, (18)
and identifying the real part in Eq. (18), we get
η
√
2 · 2m1 = √2(4U5 − 100U3V 2 + 125UV 4),
showing that
η2m1 = U(4U4 − 100U2V 2 + 125V 4). (19)
In the right-hand side in Eq. (19) above, the second factor is odd, because by relations (5), (14)
and (15) we have y2n = (2U2 + uV 2)2 , so if V is even, so is y, which is impossible. This shows that
U = ±2m1 , and now Eq. (19) leads to
±1 = 4U4 − 100U2V 2 + 125V 4, (20)
which is a Thue equation, the solutions of which need to be computed. We solved these two Thue
equations by applying the ThueSolve function in MAGMA, and no solution was found. This ﬁnishes
the argument. 
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